Empirical correlations are a practical means of providing approximate answers to problems in physics whose exact solution is otherwise difficult to obtain. The correlations relate quantities that are deemed to be important in the physical situation to which they apply, and can be derived from experimental data by means of dimensional and/or scale analysis. These techniques are discussed through two examples. The first example involves determining the period of a pendulum, for which a simple yet very accurate correlation at arbitrary amplitudes of oscillation is derived. The second example refers to a more practical application, that of obtaining a heat transfer coefficient. In the appendix, the proposed correlation for the period of the pendulum is compared with other approximate formulae in the literature.
Introduction
Oftentimes, complex phenomena in the exact sciences are modelled by differential equations that are inexactly known or very difficult to solve. Problems of this type arise in many and diverse areas, such as fluid flow, heat transfer, particle transport, chemical reactions, electromagnetic processes, biophysical interactions, and so forth. Insight into the behaviour of systems that do not yield easily to analytical treatment can be obtained by numerical simulations or through physical experiments. However, in general these techniques must take into account ample variations in the scale of the important physical features of the system. Therefore, much effort may be saved if before undertaking an experiment that attempts to include all those features and scales, the dominant parameters and relations are identified, and asymptotic cases in which the equations adopt a more tractable form are found.
Dimensional analysis [1, 2] can be of much aid in the process of simplifying a complex problem. The technique proceeds by grouping the various physical quantities that are deemed to be of relevance in the description of the phenomenon into dimensionless numbers. Barring 290 I Lira further analysis, a functional relation between these numbers is rendered; its form may be uncovered and tested by experiments.
Scaling [3] is another useful simplifying scheme. It can be interpreted as a form of dimensional analysis, but it uses physical reasoning to establish the order of magnitude of the various terms in the differential equations that model the system under study. The result is again a functional relation between dimensionless numbers, but usually in a form that involves only numeric constants whose values may be found from experiments. Such relations are termed 'empirical correlations'.
Both techniques are closely intertwined. Because dimensional analysis is intuitively appealing and thus relatively easy to understand, it is usually introduced early in most physics and engineering curricula. Scale analysis is more powerful, but since the concept of order of magnitude on which it is based is somewhat harder to grasp, it is less commonly taught.
In the present paper the dimensional and scale analysis are presented through two examples. The first example consists of obtaining the period of a simple pendulum at arbitrary amplitudes of oscillation. The exact solution is well known [4] , but its discussion is usually deferred for advanced courses in dynamics. Since the motion of the pendulum is modelled by a single ordinary differential equation, comprehending the concepts involved in each technique is relatively easy. And more interestingly, the pendulum problem allows for an easy experiment that serves to better understand and to test the validity of the approximate analysis. In passing, a very simple yet very accurate correlation for the period of the pendulum in terms of its amplitude is derived. The second example involves determining the heat transfer coefficient from a flat plate immersed in a fluid at a different temperature and relative to which it moves. This problem is discussed in many classical heat transfer textbooks [5, 6] ; in the present context it serves to underscore the relative merits and limitations of each method of analysis as applied to a problem of engineering interest. In the appendix, the proposed correlation for the period of the pendulum is compared with other approximate formulae in the literature.
The period of a simple pendulum
The simple pendulum is a very illustrative device. Its equation of motion can be solved analytically with relative ease and it allows for simple experiments to be carried out. It can thus be used as a tool for hands-on experience with the dimensional and scaling simplifying techniques.
Dimensional analysis
Dimensional analysis is based on Buckingham's theorem [7] , which states that if a phenomenon depends on N physical quantities having M primary dimensions, it can be described by a functional relation involving N − M dimensionless groups.
The theorem is silent as to which quantities are to be included in the formulation, so its application will be successful to the extent that all relevant quantities are considered. In the present example, we 'guess' that the period P depends only on the mass of the bob m, on the length of the string L, on the acceleration of gravity g, and on the amplitude (dissipative forces ignored). Since the mass dimension appears only in the term m, it is immediately concluded that it cannot affect the period. This leaves four quantities and two dimensions (length and time), so two dimensionless groups are expected. By inspection, it is concluded that the following relation holds:
where function f ( ) is unknown to this point of the analysis.
Exact solution
The differential equation of motion of the simple pendulum is
where θ(t) is the instantaneous amplitude and t is the time. For small amplitudes, the linearization sin θ ≈ θ together with the initial conditions θ(0) = and dθ/dt| t=0 = 0 leads to
where P 0 is the period for small amplitudes. For arbitrary amplitudes, rather than integrating (2) it is more convenient to use the energy equation
whose integral is immediate [4] and from which the period can be calculated. The solution is
where
is the complete elliptic integral of the first kind with elliptic modulus
Scale analysis
To perform a scale analysis of the simple pendulum, the concept of order of magnitude needs to be defined. We say that a function f scales to a constant c within a given domain, or is of the order of magnitude of c,
We write this condition as f ∼ c. In the pendulum, attention is restricted to the domain 0 < t < P /4, at which the orders of magnitude are
sin θ ∼ sin (10) cos θ ∼ 1. Substitution of (9) and (10) into (2) yields
or, using (3),
Alternatively, substitution of (8) and (11) into (4) leads to
Equations (13) and (14) may be transformed into an approximate equality by dropping the factors 2/π (since we know that P → P 0 as → 0) and introducing unknown constants in the exponents and in the arguments or /2, so as to keep the same functionality between the dimensionless numbers. We are thus led to the correlation
The 'best' values of constants a and b may be found in various ways. One possibility is to equate the leading terms of the series expansion of (15) to the corresponding terms of the exact solution. Thus, from
we obtain a = 5 √ 2/8 and b = 12/25. Alternatively, one can minimize
Results depend on the range of amplitudes that are included in this summation, and on the separation of the points. Table 1 gives the values of a and b that minimize S exact for angles i separated by 1
• in various intervals (0, max ). This table shows also the maximum of the absolute value of the relative error, |e|. In all cases, this error occurs at the respective amplitude max .
For example, in the interval (0, 90 • ), one would use a = 0.8951 and b = 0.4678. In this case, at = 90
• the approximate value of P /P 0 is 1.180 323 and the exact value is 1.180 341, so at this point |e| = 15 × 10 −6 . For comparison, the values a = 5 √ 2/8 and b = 12/25 give |e| = 26 × 10 −5 at = 90
• . Yet another possibility for obtaining appropriate values of the parameters a and b is to minimize |e| in any one chosen range (0, max ). This 'minimax' criterion was not attempted here, as for all practical purposes correlation (15) with the values in table 1 reproduces the period of the simple pendulum at any amplitude almost exactly.
Discussion
Probably the best way to illustrate the distinction between dimensional and scale analysis is by performing an actual experiment. In the case of the pendulum, such an experiment is routinely carried out in high school or college physics laboratories to measure the acceleration of gravity, so adequate facilities are usually available. (And even if they are not, a relatively crude experiment at home should still yield useful data [8] [9] [10] [11] .) In the present context, the value of g is not needed, for it cancels out in the ratio P /P 0 , while in equation (1) it can be treated as an unknown constant factor.
The purpose of the experiment would be to first construct function f ( ) in (1) using data points obtained with varying amplitudes and string lengths. This step would serve to clarify that dimensional analysis by itself does not provide much guidance as to how the data should be processed, for they can be fitted to various functions of the amplitude. The instructor might suggest using a polynomial for f ( ), thus giving the students an opportunity to realize how the degree of the polynomial influences inferences about the period at the untested points.
As a second step, the scaling concepts can be presented by deriving correlation (15) . Students might then be asked to use their data to find the unknown coefficients a and b. By measuring the period at various amplitudes i , these coefficients can be found by minimizing
The results might then be compared with the values in table 1.
A heat transfer example
Consider an incompressible fluid at temperature T f moving with uniform speed U parallel to a flat plate kept at temperature T p . The heat transfer q from the plate to the fluid per unit area of the plate is proportional to T p − T f . It is desired to evaluate the constant of proportionality h. This constant is called the heat transfer coefficient.
Dimensional analysis
In this case, we 'guess' that the coefficient h depends on the distance x as measured along the plate with origin at its leading edge, on the speed U, and also on the fluid properties ρ (density), µ (viscosity) and c p (heat capacity at constant pressure, or specific heat). In principle one might think of including also temperatures T f and T p among the list of parameters. However, it is the heat transfer that depends on these temperatures, not the coefficient h (see equation (25) below). Thus, with seven quantities and four primary dimensions (mass, length, time and temperature), three dimensionless groups are expected. These groups are not unique; their appearance depends on the process through which each dimension is 'eliminated'. The most common alternatives are:
• the Reynolds number Re = Ux/ν;
• the Prandtl number P r = ν/α;
• the Nusselt number Nu = hx/k;
• the Péclet number P e = ReP r = Ux/α;
• the Stanton number St = Nu/P e = h/(ρcU );
where ν = µ/ρ is the kinematic viscosity and α = k/(ρc p ) is the thermal diffusivity. Thus, from Buckingham's theorem we conclude that the heat transfer coefficient at point x can be calculated from equations of the form Nu = f 1 (Re, P r), St = f 2 (P e, P r), etc.
Exact solution
The exact solution to the flat plate problem was obtained long ago for the case of laminar flow. Let y be the normal coordinate with origin on the plate and let u and v be the velocity components along x and y, respectively. With negligible pressure drop in the free stream (at y → ∞), the continuity and x-momentum equations at steady state are
with boundary conditions u = v = 0 at y = 0, u = U at x = 0 and at y → ∞, and v = 0 at y → ∞. Using the stream function to satisfy the continuity equation, and an ingenious 'similarity' variable that contained both x and y, Blasius [12] transformed this system into a single nonlinear ordinary differential equation of third degree, which he solved numerically. The result shows that the spatial variation of the velocity field is restricted to the region 0 < y < δ, where δ is normally very small. This region is called the hydrodynamic boundary layer.
In turn, using the Blasius solution, Pohlhausen [13] solved the energy equation
subject to τ = 1 at y = 0 and τ = 0 at x = 0 and at y → ∞. The solution shows that the temperature varies inside the region 0 < y < , where is also very thin. This region is called the thermal boundary layer. Finally, since at the surface of the plate the relative velocity of the fluid is zero (the non-slip condition), the Fourier heat transfer conduction equation applies. This equation is
In dimensionless form, the result is
which is valid for fluids having Prandtl numbers greater than about 0.5 (most gases and liquids except liquid metals) and for laminar flow (Reynolds number less than about 5 × 10 5 ).
Scale analysis
In the flat plate problem, scale analysis proceeds by using the fact that the normal component of velocity v is very small throughout, so we take it as zero. We also know that the parallel component u varies smoothly from 0 at y = 0 to U at y = δ, so in this domain (at constant x) we use orders of magnitude [5, 6] 
Substitution in (21) gives
We now assume that the thermal boundary layer is thinner than the hydrodynamic boundary layer. In this domain we then use u ∼ U /δ. Since the dimensionless temperature also varies smoothly, for its derivatives we use
Substitution into (22) (with v ∼ 0) and use of (28) produces
which shows that the assumption < δ holds for Prandtl numbers approximately equal to 1 or greater. Finally, substitution of the second scaling relation (29) into (25), and use of (30), leads to
or in approximate terms, to
It turns out that this relation applies also for turbulent flow and for other geometries (e.g., flow over tubes). In those cases, the constants C, m and n need to be established experimentally (it is only for laminar flow over a flat plate and for Prandtl numbers greater than 0.5 that the values C = 0.332, m = 0.5 and n = 0.33 apply).
Discussion
The dimensional analysis of the flat plate problem correctly predicts the fact that the coefficient h can be calculated from a relation involving three dimensionless numbers. However, the form of this relation cannot be derived from Buckingham's theorem. In principle, the unknown form can be obtained experimentally, but to that end a rather painstaking series of tests would be needed, involving various values of the Reynolds and Prandtl numbers in their ranges of interest. And even if these experiments were actually carried out, with no additional guidance it would be difficult to put the generated information into usable correlations.
By contrast, the scaling technique leads also to a relation between dimensionless numbers, but in a form that involves constant coefficients that can be obtained experimentally with much reduced effort.
These concepts are clear in principle. However, when presented with experimental correlations, students tend to think that they constitute the 'theoretical' solution to the problem. In the flat plate example, students will usually treat constants C, m and n in equation (32) as 'exact', forgetting that they come from experiments which data were adjusted for a very specific range of Reynolds and Prandtl numbers. This misinterpretation is compounded by the fact that in the literature the approximate sign is usually replaced by an equal sign.
To dispel such misconceptions, demonstrative experiments are of much help. Unfortunately, instructors experience considerable practical difficulties in designing and performing simple experiments by which students can better understand the nature of heat transfer correlations. The reason is that, unless stringent precautions are taken, experimental uncertainties in the thermal sciences tend to be important. So, by and large, the discussion above is kept to the blackboard. Presenting, performing and discussing the pendulum example can help students to comprehend the concepts involved in the dimensional and scaling approximate techniques.
Conclusion
In this paper, the techniques of dimensional and scale analysis have been discussed through two examples. The focus was on illustrating the power of the latter technique in allowing to obtain the form of the function that relates the dimensionless numbers. The first example involves a simple pendulum with which it is relatively easy to construct and to test correlations for its period. One such very accurate correlation is given. The second example has to do with a problem of engineering interest, for which unfortunately it is very hard to devise simple experiments to verify the accuracy of the predictions of each analysis. The pendulum example can be of much help in this respect.
where x ≡ θ/ . They then proceeded to linearize the equation by using x 3 ≈ 3x/4. This procedure gave
for which |e| = 19 × 10 −3 . Molina [15] linearized the pendulum equation by setting sin θ ≈ F ( )θ and requiring that the amplitude-dependent coefficient F ( ) be an even function going to 1 for → 0 and to 0 for → π/2. Function
satisfies these requirements; it leads to
By comparing the series expansion of this equation with that of the exact solution, Molina found α = 3/8; this value gives |e| = 35 × 10 −4 . Kidd and Fogg [16] proposed an ingenious analogy between the simple pendulum and the simple harmonic oscillator. For the latter, the period is 2π √ m/k, where k is the derivative of the restoring force. In the pendulum the restoring force is mg sin θ , so its derivative with respect to the displacement s = Lθ is mg cos θ/L. Replacing the variable θ with a representative angle β yields
(A.5)
Kidd and Fogg recommended taking β = /2 (a proposal enthusiastically endorsed and justified by Millet [17] ), which choice gives |e| = 75 × 10 −4 . Ganley [18] (and later Parwani [19] ) wrote the pendulum equation in the form .6) and suggested replacing the angle θ in the term in brackets by a representative angle γ . This procedure gives
Comparing the series expansion of this equation with that of the exact solution results in γ = √ 3 /2, which choice gives |e| = 78 × 10 −5 . Hite [20] set out to improve on the Kidd and Fogg formula (A.5). He kept the choice β = /2, but suggested replacing the exponent 1/2 by one that depends on . He found that good results are obtained by using an exponent of the form
to be used in
This correlation gives |e| = 14 × 10 −5 .
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Beléndez et al [21] substituted in (2) the infinite series of the sine term. Into the resulting expression they substituted the Fourier series of the solution θ(t) with unknown fundamental frequency ω. Following this 'harmonic balance' method, their result was Though the scale analysis in section 2.3 is crude, it is for precisely that reason that we are free to drop the factor 2/π in (13) and (14), and to introduce the adjustment coefficients a and b in (15) . In keeping with the same spirit, the approximations presented in this appendix can be improved. Thus, we find that in the range (0, 90
• ), the Kidd and Fogg approximation (A. • . So while correlations (15) and (A.12) are both excellent, the former is still preferable.
